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1. Preliminaries. 



Given an algebraic variety X, we can naturally attach some objects, 
e.g., its field of functions k{X), the essential object in birational ge- 
ometry. So, assuming classification to be one of the most important 
problems in algebraic geometry, we may be asked to describe all alge- 
braic varieties with the same field of functions, i.e., that are birationally 
isomorphic to X. Of course, "all" is a too huge class, and usually we 
are restricted by projective and normal varieties (though non-proper 
or non-normal cases may naturally arise in some questions) . Typically 
there are two main tasks: 

A. Given a variety V, one need to determine whether it is bira- 
tional to another variety W. 

B. V and W are birational to each other, and one need to get a de- 
composition of a birational map between them into "elementary 
links", i.e., birational maps that are simple enough. 

The rationality problem is an essential example of task A. Recall that 
a variety is said to be rational if it is birational to P" (or, which is the 
same, its field of functions is k{xi, . . . , Xn))- As to task B, examples will 
be given below, let us only note that varieties joined by "elementary 
links" should belong to a more or less restrictive category (otherwise 
the task becomes meaningless), and such a category have to meet the 
following requirement: any variety can be birationally transformed to 
one lying in it. Minimal models and Mori fibrations in dimension 3 
give examples of such categories. Then, it often happens that the 
indicated category, in its turn, is also too large so as to be convenient, 
and we outline a subcategory of "good models" (e.g., relatively minimal 
surfaces). Here "good" means a class of varieties that are simple enough 
for describing, handling, classifying, and so on. Now let us look what 
we have in the first three dimensions. 

1.1. Curves. Normal algebraic curves are exactly smooth ones. It is 
well known that a birational map between projective smooth curves is 
an isomorphism, so the birational and biregular classifications coincide 
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in dimension 1. Projective spaces have no moduli, so is a unique 
representative of rational curves. 

1.2. Surfaces. It is very well known that any birational map between 
smooth surfaces can be decomposed into a chain of blow-ups of points 
and contractions of (— l)-curves without loss of the smoothness of in- 
termediate varieties. Now it is clear that we can successively contract 
(in any order) all (— l)-curves and get the so-called (relatively) minimal 
model (i.e., nothing to contract). So it is very convenient to use mini- 
mal models as the class of "good" models and the indicated blow-ups 
and contractions as elementary links. As to the rationality problem, 
the famous theorem of Castelnuovo says that a smooth surface X is 
rational if and only if H^{X, Ox) = H^{X, 2Kx) = 0. This is one of 
the most outstanding achievements of the classical algebraic geometry. 

Summarizing results in dimensions 1 and 2, we can formulate the 
rationality criterion as follows: X is rational if and only if all essential 
differential-geometric invariants, i.e., (X, (fi^)®*"), vanish. 

1.3. Threefolds. As soon as we get to dimension 3, the situation be- 
comes much harder. Now it isn't obvious at all what is "a good model". 
We may proceed with the way as in dimension 2, i.e., contracting every- 
thing that can be contracted. This is the viewpoint of Mori's theory. 
But then starting from a smooth variety, we may loose smoothness 
very quickly and even get a "very bad" variety with two Weil divisors 
intersecting by a point (this is the case of "a small contraction", i.e., 
birational morphism which is an isomorphism in codimension 1). 

Nevertheless, Mori's theory states that there is the smallest category 
of varieties which is stable under divisorial contractions and flips (the 
last is exactly a tool which allows to "correct" small contractions). 
In what follows we shall not need details of this theory, the reader 
can find them in many monographs (e.g., ||21|| ). We only point that 



X belongs the Mori category if it is a projective normal variety with 
at most Q-factorial terminal singularities. It means that every Weil 
divisor is Q-Cartier, i.e., it becomes Cartier as soon as we take it with 
some multiplicity, and for every resolution of singularities (p : Y X 
we have 

where all discrepancies are positive rational numbers, Ei exceptional 
divisors, and " = " means "equal as Q-divisors", i.e., multiplying by a 
suitable integer number, we get the linear equivalency. In particular, 
there exists the intersection theory on such varieties, which is very 
similar to the usual one, the difference is mostly that we must involve 
rational numbers as intersection indices. 

The Mori category has some nice properties. In particular, the Ko- 
daira dimension is a birational invariant under maps in this category. 
We recall that the Kodaira dimension kod{X) is the largest dimension 
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of images under (rational) maps defined by linear systems \mKx\- We 
are mostly interested in studying varieties of negative Kodaira dimen- 
sion, i.e., when H^{X, niKx) = for all m > 0, because their birational 
geometry is very non-trivial. 

From now on, we will only consider varieties of negative Kodaira 
dimension. So, what are "minimal models" in the Mori theory for such 
varieties? These are so-called Mori fiber spaces. By definition, a triple 
/i : X — > 5* is a Mori fiber space if X is projective, Q-factorial and 
terminal, 5 is a projective normal variety with dim 5* < dimX, and 
jj, is an extremal contraction of fibering type, i.e., the relative Pickard 
number p{X/S) = rkPic(X) — rkPic(5') is equal to 1 and {—Kx) is 
/i-ample. 

In dimension 3 (the highest dimension where the Mori theory has 
been proved) we have three possible types of Mori fiber spaces (or, 
briefly, Mori fibrations) jj, : X S: 

1) Q-Fano, if dimS* = (i.e., S* is a point); 

2) del Pezzo fibration, if dimS* = 1 (the fiber over the generic 
point of is a del Pezzo surface of the corresponding degree); 

3) conic bundle, if dimS" = 2 (the fiber over the generic point of 
S" is a plane conic). 

In what follows, we often denote a Mori fibration p:V—^Sas,V/S 
or even simply V , if it is clear which structure morphisms and bases 
are meant. 

Factorization of birational maps between Mori fibrations is given 
by the Sarkisov program (it is proved in dimension 3, see [^]). The 
essential assertion of this program is the following. Suppose we have 
two Mori fibrations V/S and U/T and a birational map 

V --^ U 

i i 
S T 

Then there exists a finite chain of birational maps 

Xq Xi X2 ■ ■ ■ Xx~i 

■J, J, J, \. 

So Si S2 Sjsf-i 

where Xq/ Sq, Xi/ Si, . . . , X^/ Sx are Mori fibrations, Xo/Sq = V/S, 
Xn/Sx = U/T, such that x = Xn ° Xn-i o . . . o ^2 o Xi and any of Xi 
belongs to one of the four types of elementary links listed below (see 
figure |l]). In all cases Xi/Si and X2/S2 are Mori fibrations, is an 
isomorphism in codimension 1 (actually, a sequence of log- flips) . Then, 
in the case of type I, /i denotes a morphism with connected fibers, 7 
is an extremal divisorial contraction. Note that p{Si/So) = 1. In the 
case of type II, 71 and 72 are extremal divisorial contractions, /i is a 
birational map. Type III is inverse to type I. Finally, 5i and 62 in type 
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IV mean morphisms with connected fibers, T is a normal variety, and 
p{So/T) = p{S,/T) = 1. 
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Figure 1. 



Let us note that in dimension 2 Mori fibrations are exactly relatively 
minimal non-singular surfaces over points or curves, isomorphisms in 
codimension 1 are actually biregular, and extremal divisorial contrac- 
tions are blow-downs of (— l)-curves. So all elementary links are very 
simple. As to dimension 3, the links description just given is at bot- 
tom all we know, so up to now the Sarkisov program mostly plays a 
theoretical role. 

The rationality problem for three-dimensional varieties also becomes 
enormously hard. During a long time, many mathematicians believed 
that it should be possible to find a rationality criterion more or less 
simple as in lower dimensions. But nearly simultaneously, in early 
70th, three outstanding works of different authors which gave exam- 
ples of unirational but non-rational varieties, appeared. These were 
Iskovskikh and Manin Clemens and Griffiths (0), and Artin 

and Mumford (0). Recall that an algebraic variety is said to be uni- 
rational if there exists a rational map from projective space which is 
finite at the generic point. The matter is that all essential differential- 
geometric invariants vanish on unirational varieties as well, so we can 
not even hope to find something like the rationality criterion for curves 
and surfaces, combining these invariants. The reader may find an ex- 



cellent survey of the rationality problem in higher dimensions in 15 . 
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Nevertheless, during the last 10 years, a considerable progress in the 
birational classification problem in all dimension has been achieved, 
mostly due to the conception of birationally rigid varieties first for- 
mulated by A.V.Pukhlikov. The original version of the notion of bi- 
rational rigidity is closely related to some technical features of the 
maximal singularities method (comparing of the canonical adjunction 
thresholds and all that), and still in active use. Another version arised 
from the Mori fibrations theory. They are not identical but coinside 
in many cases. In this paper we use the second one since it is more 
understandable. 

So, first we introduce the following useful notion: 

Definition 1.1. We say that Mori fibrations V/S and U/T (dimS = 
dim T > 0) has the same Mori structure, if there exist birational maps 
X '■ V --^ U and ip : S --^ T that make the following diagram to be 
commutative: 

V --^ U 
i i 
S T 

In Q-Fano cases (dimS = dimT = 0) we say that V and U has the 
same Mori structure if they are biregular to each other; in other words, 
for any birational map x '■ ^ ""^ U there exists a birational self-map 
H e Bir{V) such that the composition x° 1^ is an isomorphism. 

In the sequel we will often use words "to be birational over the base" 
instead of "to have the same Mori structure". 

Now, since it is known that any threefold X can be birationally 
mapped onto a Mori fibration, one can formulate the classification 
task as follows: to describe all Mori fibrations that are birational to X 
and not birational over the base to each other (i.e., have different Mori 
structures). Clearly, varieties X and Y are birationally isomorphic, if 
and only if they have the same set of Mori structures. By the way, note 
that only links of type II join Mori fibrations with the same structure. 

In the following cases the classification becomes especially easy: 

Definition 1.2. A Mori fibration VjS is said to be birationally rigid 
if it has a unique Mori structure (i.e., any U/T that is birational to V , 
is birational over the base). 

Here are some examples of (birationally) rigid and non-rigid varieties. 
But first let me note that any rigid variety is not rational. Indeed, 
is birational to x P^, so we have at least three different Mori 
structures: Q-Fano (P^ itself), del Pezzo fibration P^ x P^ ^ P^ and 
conic bundle P^ x P^ — P^. The simplest example of birationally rigid 
Q-Fano is a smooth quartic 3-fold in P^, this is nothing but the result 
of Iskovskikh and Manin ([l^l)- Note that they proved even more: any 
birational automorphism of a smooth quartic is actually biregular (and 
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in general case, there are no non-trivial automorphisms at all). As to 
conic bundles, there exists the following result of Sarkisov (|0], ||3ll| ): 
any standard conic bundle V S over a smooth rational surface S 
with the discriminant curve C is rigid if the linear system \4:Ks + C| is 
not empty (i.e., V/S has enough degenerations). Say, if S" is a plane, 
it is enough for C to have degree 12 or higher. Then, a smooth cubic 
3-fold in P"^ gives us an example of non-rigid conic bundles. Indeed, 
the projection from a line lying on such a cubic, realizes it as a conic 
bundle over a plane with a quintic as the discriminant curve. 

Non-singular rigid and non-rigid del Pezzo fibrations will be de- 
scribed in the main part of the paper. Almost all results were obtained 



using the maximal singularities method (||T3, [ill)- Here we shall not 
give any proves, the reader can find them in ||9|-||12||. 

Let me conclude this section with a little remark. Minimal models or 
Mori fiber spaces are not convenient models all the way. In many cases, 
there are more preferable classes of varieties. For examples, sometimes 
it is useful to consider Gorenstein terminal varieties with numerically 
effective anticanonical divisors (||l|, |^). In other words, we have to 
select each time. 

2. The rigidity problem for del Pezzo fibrations. 

Let p : V ^ S he a Mori fibration over, S a smooth curve, i] the 
generic point of S, and Vjj the fiber over the generic point. So is a 
non-singular del Pezzo surface of degree d = {—Kv^Y over the field of 
functions of S. Moreover, this is a minimal surface since p{V/S) = 1, 
so 

Ptc{V^) ^ Q = Q[-Kv,]. 
Suppose we have another Mori fibration U/T and a birational map 

V --^ U 

i i 
S T 

We would like to know as much as possible about this situation; in 
particular, whether x is birational over the base or not. 

In first turn, we can assume S to be rational. Indeed, suppose S 
is a non-rational curve. Then U can not be a Q-Fano threefold. The 
simplest reason is that the Pickard group of V or any its resolution of 
singularities must contain a continuous part arising from S, which is 
impossible for any birational model of U (including U itself). Or, we 
can use the fact that U is rationally connected (see |^), which is not 
true for V: there are no rational curves lying across the fibers of V/ S 
(i.e., covering S). 

Thus, U/T is either a del Pezzo fibration or a conic bundle. Anyway, 
the fibers of U/T are covered by rational curves. Again, images of these 
curves on V can not cover S and hence lie in the fibers of V/S. So 
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there exists a rational map from T to S, which is actually a morphism 
since the curve S is smooth, and we have the following commutative 
diagram: 

V --^ U 
i i 

S ^ T 

Denote ( the generic point of T and [/^ the fiber over the generic point. 
Assuming U/T to be a del Pezzo fibration and taking into account that 
X is birational, we see easily that ip is an isomorphism, so it is possible 
to identify rj and (. Thus, x induce the birational map Xv between 
two del Pezzo surfaces over r]. Now suppose U/T is a conic bundle. 
Note that we may assume x to be a link of type I. The composition 
U ^ T ^ S represents U as a fibration over S, so we can define the 
fiber f/^ over the generic point r]. It is clear that f/^ is a non-singular 
surface fibered on conies with Pic{Ur/) ^ Z © Z (see the construction 
of the link). Moreover, we may assume f/^ to be minimal. Indeed, 
p{Un/Tj^) = 1, so there are no (— l)-curves in the fibers of Urj T^. 
Hence any (— l)-curve on t/^ has to be a section (which means that, 
birationally, t/ — > T is a P^-bundle over T). Then simply contract any 
of the (— l)-curves, and you obviously get a minimal del Pezzo surface, 
i.e., the previous case. So, anyway, we have a birational map 

Xr) ■ ^Tj Ufj 

between two non-singular minimal surfaces defined over the field of 
functions of S, and Uj, is either a del Pezzo surface or a conic bundle. 



This situation was completely studied in V.A.Iskovskikh's paper pB 
theorem 2.6. In particular, if is a del Pezzo surface of small degree 
(d < 3), then [/^ is always a del Pezzo surface that is isomorphic to K?, 
and Xv either an isomorphism if c? = 1, or a composition of Bertini 
and/or Geiser involutions if d = 2, 3. 

Thus, in what follows we assume S' = P^. Note that the field of 
functions C(S') of S is the so-called Ci field, and from it follows 
that Vr, always has a point over C(S') (i.e., V ^ S has a section). By 
the way, has a Zariski dense subset of such points (||2^). Yu.I.Manin 
proved (||23|) that del Pezzo surfaces of degree 5 or greater with a point 
over a perfect field are always rational over the field itself. This is 
exactly our case. So if ci > 5, is rational over C{S) = C(P^), hence 
V is rational over C. Thus, V is birational to P^; in particular, V/S is 
always non-rigid. Now suppose d = 4. Then we can blow up a section 
ofV^S and, after some log flips in the fibers, get a structure of conic 
bundle (or, simply, blow up a point on V^, as in theorem 2.6 of |[T6| ). 
Thus, the case d = 4 is non-rigid too. 

So we see that, from the viewpoint of the rigidity problem, the only 
cases S = F^, d < 3, are interesting. The cases of degree 1 and 2 will 
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be described in details in the rest of the paper. Here we only outline 
some results in the case d = 3, which is least studied. 

Theorem 2.1 (||2^). Let V/F^ be a non-singular Mori fibration on 
cubic surfaces with the simplest degenerations (the last means that all 
singular fibers have at most one ordinary double point). If 1 -cycles 
N{—KvY — f are non-effective for all N > 0, where f is the class of 
a line in a fiber, then V/F^ is birationally rigid. 

The indicated condition on 1-cycles (the so-called i^'^-condition) is 
also sufficient for degree 1 and 2 (without assumptions on degenera- 
tions) but not necessary (see examples in Q). The requirement on 
degenerations arised from the technical reasons and, most probably, 
can be omitted. The simplest examples of non-rigid fibrations on cubic 
surfaces are the following. 

Example 2.2 {Quartics with a plane). Let X G P"^ be a quartic three- 
fold containing a plane. It is easy to see that, in general case, such a 
quartic contains exactly 9 ordinary double points lying on the plane. 
Note that X is a Fano but not a Q-Fano variety (i.e., not in the Mori 
category). Indeed, hyperplane sections through the plane cut off resid- 
ual cubic surfaces that intersect by these 9 singular points, which is 
impossible for Q-factorial varieties. In fact, the plane and any of these 
residual cubics generates the Weil divisors group of X. Now blow up 
the plane as a subvariety in P^, and let V be the strict transform of 
X. Then V is nothing but a Mori fibration on cubic surfaces over P^, 
and the birational morphism V ^ X is a small resolution with 9 lines 
lying over the singular points of X. It is easy to check that we can pro- 
duce a flop simultaneously at these 9 lines, ant then contract the strict 
transform of the plane, which is with the normal bundle isomorphic 
to 0{—2). We get a Q-Fano variety U, which has the Fano index 1 
and a singular point of index 2. This U is the complete intersection 
of two weighted cubic hypersurfaces in P(l, 1, 1, 1, 1, 2). The described 
transformation V/F^ U is nothing but a link of type 3 {ip is the 
flop, 7 is the contraction of P^, see figure |1|). Conjecturally, V/F^ and 
U represent all Mori structures of X. 

Example 2.3 {Cubic threefolds). Let \^ e P^ be a smooth cubic hyper- 
surface. It is well known that V is non-rational (0). Nevertheless, V 
is very far from rigid varieties. Indeed, the projection from any line on 
V gives us a conic bundle over P^ with the discriminant curve of degree 
5. Then, V is birational to a non-singular Fano variety of index 1 and 
degree 14, which is a section of G(l, 5) C P^^ by a linear subspace of 
codimension 5. Finally, blow up any plane cubic curve on V, and you 
get a structure of fibration on cubic surfaces. So, V has all possible 
types of Mori structures in dimension 3 (i.e., Q-Fano, conic bundle, del 
Pezzo fibration). 
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Example 2.4 {Hypersurfaces of bidegree (m, 3) in x F^). Let V = 
Vm X be a non-singular hypersurface of bidegree (m, 3) . From 
the Lefschetz hyperplane sections theorem it follows that Pic(V^) ~ 
Z[-Kv] © Z[F], where F is the class of a fiber, so V/F^ is a Mori 
fibration on cubic surfaces by means of the projection P^ x P^ — P^. 
Consider the second natural projection vr : P^ x P^ ^ P^. If m = 1 
then, clearly, 7r|y gives us a birational map V --■> P^, so V is rational 
(and, thus, non-rigid) in this case. If m > 3, then for general V the 
conditions of theorem |2T2 are satisfied, so V/F^ is rigid. We consider 
the most interesting case m = 2. First, by the result of Bardelli [Q, 
general Kn's are non-rational if m > 2. Now we show that V = V2 is 
non-rigid. Note that a general V/F^ has exactly 27 sections that are 
fibers of the projection vr. On the other hand, let t be any other fiber of 
TT, then t intersects \^ at 2 points (not necessary different), and we can 
transpose these points. Thus, outside of the 27 sections, there exists 
an involution r, so we have a birational self-map r G Bir(y). On the 
other hand, we can simultaneously produce a flop x centered at the 
indicated sections and get another Mori fibration U/F^, which is also 
a hypersurface of bidegree (2, 3) in P^ x P^. This x is a link of type IV. 
Note that dim \3{—Kv) — -F| = 1, this pencil has no base components, 
and the strict transforms of its elements become the fibers of U/F^. 
The same is true for the corresponding pencil on U. It only remains to 
notice that r maps the pencil |F| to \3{—Kv) — F\, so we can consider 
X as the Sarkisov resolution of r. In |^ it was shown that general V2 
have only these two Mori structure. 

We conclude this section with some remarks. First, in all non-rigid 
cases, it is easy to check that the linear systems \n{—Kv) —F\ are non- 
empty and free from base components. In ||^ the following conjecture 
was formulated: 

Conjecture 2.5. Suppose V/F-^ is a non-singular Mori fibration on 
del Pezzo surfaces of degree 1,2, or 3. Then V /F^ is birationally rigid, 
if and only if the linear systems \n{—Ky) — F\ are either empty or not 
free from base components for all n > 0. 

This conjecture was completely proved for degree 1 (H]) and, under 
some conditions of generality for several rigid cases, for degree 2 (Q 
and ||10|)- Moreover, for all cases that are known to be rigid or non- 
rigid, the statement of the conjecture holds. Finally, it does work in 
one direction even for a general Mori fibration on del Pezzo surfaces of 
degree 1: 

Theorem 2.6 (||n|, theorem 3.3). // a Mori fibration V/F^ on del 
Pezzo surfaces of degree 1 is birationally rigid, then for all n > the 
linear systems \n{—Kv) — F\ are either empty or not free from base 
components. 
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3. Projective models of del Pezzo fibrations 

In this section we construct some simple projective models for non- 
singular (actually, for Gorenstein) fibrations on del Pezzo surfaces of 
degree 1 and 2. But first let me recall the simplest projective (and 
weighted projective) models of del Pezzo surfaces of degree 1 and 2. 

3.1. Models of del Pezzo surfaces of degree 1 and 2. Consider 
first the degree 1. So, let X be a non-singular del Pezzo surface of 
degree d — K\ = 1. It is easy to see that a general member of the 
linear system | — Kx\ is non-singular, all its elements are irreducible 
and reduced curves of genus 1, and | — Kx\ has a unique base point P. 
Choose a non-singular curve C e | — Kx\- Using the exact sequence 

Ox (-(^ - l)Kx) Ox i-tKx) Oc{-iKx) 

and the Kodaira vanishing theorem, we see that 

(X, -iKx) {C, {-iKx)\c) 

are exact for all i > 0. So we have a surjective map of the graded 
algebras 

Ax^^H' {X, -iKx) -^Ac^^H' (C, {-iKx)\c) 

i>0 i>0 

which preserves the graduation. Clearly, Ac is generated by elements 
of degree r < 3 (note that deg(— 3ii'x)|c = 3, i.e., {—3Kx)\c is very 
ample), so Ax is generated by elements of degree not higher than 3, 
too. Taking into account that 

h\X,-Kx) = 2, h%X,-2Kx)=A, h\X,-3Kx) = 7, 

we can write down the generators as follows: 

H\X.-Kx) = C<x.y>, 
H%X, -2Kx) = C<x\xy,y\z>, 
H^{X, -3Kx) = C < x^ x'^y, xy^, y^ zx, zy, w >, 

where we agree for x and y to be elements of weight 1, z of weight 2, 
and w of weight 3. Thus the homogeneous components of the graded 
algebra Ax are generated by monomials x^y^z^w^ of the corresponding 
degree. Now it is clear that X can be embedded as a surface in the 
weighted projective space P(l, 1, 2, 3): 

X = Proj Ax = Proj C[x, y, z, w]/Ix C= P(l, 1, 2, 3), 

where Ix is a principal ideal generated by a homogeneous element 
of degree 6. Indeed, h^{X, —6Kx) = 22, but the dimension of the 
homogeneous component of C[x,y, z,w] of degree 6 is equal to 23, so 
there exists exactly one linear relation in it. This relation is nothing but 
an equation oi X. It only remains to notice that X necessarily avoids 
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singular points of P(l, 1,2,3), whence we can put down the equation 
of X as follows (stretching the coordinates if needed): 

X={w^ + z'' + zU{x, y) + h{x, y) = 0} C P(l, 1, 2, 3), 

where are homogeneous polynomials of the corresponding degree. 

It was the way to embed X into a very well-known threefold as a 
surface. However, there is another useful model of X. Let 

P(1,1,2,3)-^P(1,1,2) 

be a (weighted) projection from the point (0:0:0:1). This point does 
not lie on X, and as it follows from the equation of X, the restriction 
of the projection on X gives us a morphism of degree 2 

(^:X^P(1,1,2). 

We can naturally identify P(l, 1,2) with a non-degenerated quadratic 
cone Q C P^. The base point of | — Kx\ lies exactly over the vertex 
of the cone. The ramification divisor of ip is defined by an equation of 
degree 3 in Q = P(l, 1, 2). We can also describe this picture as follows: 
I — 2Kx\ has no base points and defines a morphism, which is exactly 
our (p. Thus, we can obtain X as a double cover of a quadratic cone in 
P^ branched along a non-singular cubic section that does not contain 
the vertex of the cone. 

Now let us turn back to a non-singular Mori fibration V/¥^ on del 
Pezzo surfaces of degree 1. Clearly, a general fiber of V is smooth. But 
what if V"/P^ has degenerations? Moreover, as we will see later, it must 
have degenerations by the relative Pickard number arguments. So sup- 
pose X be a singular fiber of V . Then we can see that X is a projective 
Gorenstein (i.e., the dualizing sheaf is invertible, as it follows from the 
adjunction formula) Cohen-Macaulay irreducible reduced (since V is 
non-singular) 2-dimensional scheme, Kx is anti-ample and K'j^ = 1. 

First suppose X is normal. The situation was completely studied in 



[|1J], and I can simply refer the reader to it. But in order to deal with 
projective models of X, we only need the fact that | — Kx\ contains 
a non-singular elliptic curve (||14|? proposition 4.2), and then one can 
repeat arguments of the non-singular case word by word. So X can be 
defined by a homogeneous equation of degree 6 in P(l, 1,2,3) (and as 
before, X avoids singular points of the weighted projective space since 
they are non-Gorenstein), or as a double cover of a quadratic cone in 
P^, branched along a (now singular) cubic section not passing through 
the vertex of the cone. As to this cubic section, it may be reducible, 
but all its components must be reduced. It only remains to add that 
the base point of | —Kx\ is always non-singular, and X has either only 
Du Val singularities, or a minimally elliptic singular point (in local 
coordinates defined by + p'^ + = 0) . 



12 



MIKHAIL GRINENKO 



The non-normal case is much harder. Nevertheless, in [2^ it was 
shown that the projective properties of the anticanonical linear sys- 
tems on X are the same as in the non-singular case. In particular, 
the base point of | — Kx\ is non-singular, X can be embedded into 
P(l, 1,2,3) exactly in the same way, or twice cover a quadratic cone. 
The unique difference is that the cubic section has to contain a non- 
reduced component. 

We will summarize all needed results concerning to the case d = 1 
a bit later, now let us consider del Pezzo surfaces of degree 2. This 
case is fairly similar to the previous one, so we only outline the key 
points. Consider a non-singular del Pezzo surface X, K\ = 2. Then 
I — Kx\ is base points free and contains a non-singular element C. As 
before, we have a surjective map Ax — Ac, but now these algebras 
are generated by elements of degree not higher than 2. We see that 
-Kx) = 3 and h%X, -2Kx) = 7, so suppose 

{X, -Kx) = C<x,y,z>, 
iJ° (X, -2Kx) = C < x^, y'^, z^, xy, xz, yz, w >, 

where x, y, and z are of weight 1, w is of weight 2. Then, 

X = Proj Ax = Proj C[x, y, z, w]/Ix C P(l, 1, 1, 2), 

the principal ideal Ix is generated by a homogeneous element of degree 
4: indeed, h^{X, —AKx) = 21, but the dimension of the homogeneous 
component of C[x,y, z,w] of degree 4 is equal to 22. Since X avoids 
the singular point of P(l, 1, 1, 2), we get the following equation of X: 

X = {w^ + U{x, y, z) = 0}c P(l, 1, 1, 2), 

where /4 is a homogeneous polynomial of degree 4. The projection 
P(l,l,l,2) P(l,l,l) = P^ from the point (0:0:0:1), being 
restricted to X, gives a double cover of P^ branched over a non-singular 
quartic curve. This morphism can be also defined by the linear system 
\-Kx\. 

Projective models of singular (normal and non-normal) Gorenstein 
del Pezzo surfaces of degree 2 have the same construction as in the non- 
singular case: they are defined by a quartic equation in P(l, 1, 1, 2) and 
do not contain the point (0:0:0:1). Or, we can construct them 
as double coverings of P^ branched over quartic plane curves, but now 
these quartics have singular points and/or non-reduced components 



(fT^, ll^). Briefly speaking, the situation is the same as in the case 



d = 1. In particular, normal surfaces of this type may have either only 
Du Val singularities, or a unique minimally elliptic singularity locally 
defined by an equation r"^ + p"^ + q'^ = 0. 

We summarize the results about projective models of del Pezzo sur- 
faces of degree 1 and 2 as follows: 

Proposition 3.1. Let X be a projective Gorenstein irreducible re- 
duced del Pezzo surface of degree 1 or 2. 
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Then, in the case of degree 1, \ —Kx\ has a unique base point, which 
is non-singular on X , \ — 2Kx\ is base points free, and \ —3Kx\ is very 
ample and embeds X into as a surface of degree 9. The suitable 
choice of the coordinates [x, ?/, w\ of weights (1, 1, 2, 3) in P(l, 1, 2, 3) 
allows to define X by an equation of degree 6: 

w"^ + + zfi{x, y) + feix, y) = 0, 

where fi are homogeneous polynomials of degree i. \ — 2Kx\ defines a 
finite morphism of degree 2: 

up -x^Q c p^ 

Rq 

where Q is a non-degenerated quadratic cone, Rq = R\q is the ramifi- 
cation divisor. R is a cubic that does not pass through the vertex 
ofQ. 

In the case of degree 2, \ — Kx\ is base points free, \ — 2Kx\ is 
very ample and embeds X into as a surface of degree 8. X can be 
defined as a surface by an equation of degree ^; 

w"^ + fi{x,y,z) = 0, 

where f^ is homogeneous of degree 4, [x, y, z, w] are the coordinates 
of weights (1, 1, 1, 2) in P(l, 1, 1, 2). Finally, \ — Kx\ defines a finite 
morphism of degree 2 

y,:X^p2, 
R 

where R is the ramification curve, degp2 R = A. 

Now it is clear that models of fibrations on del Pezzo surfaces over 
P^ can be obtained as the relative version of the constructions just 
introduced. 

3.2. Models of fibrations on del Pezzo surfaces of degree 1. Let 

p : — > P^ be a non-singular fibration on del Pezzo surfaces of degree 
1. Consider a sheaf of graded Cpi -algebras 



■V) 

i>0 



Since {—Ky) is p-ample (i.e., on each fiber its restriction gives anti- 
canonical divisor, which is ample by the assumption), then clearly 

V = Proj pi Ay- 



Comparing the situation with proposition |3Tl|, we see that there exist 
an algebra Cpi [x, y, z, w] of polynomials over Cpi graded according to 
the weights (1, 1, 2, 3), and a sheaf of principal ideals Xy in it such that 

V = Proj pi Av = Proj pi Opi[x,y, z,w]/Iv C Ppi (1, 1, 2, 3), 

where Ppi(l,l,2,3) = Proj pi Opi[x,y, z,w]. In other words, V/F^ is 
defined by a (weighted) homogeneous polynomial (with coefficients in 
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Opi) in the corresponding weighted projective space over P^. Note that 
Ppi(l, 1, 2, 3) has two distinguished sections along which it is singular, 
so V does not intersect these sections. 

Now let us construct the second model of V/F^. All details and 
proofs can be found in Q, section 2. 

In what follows, we assume that 

Pic{V) = Z[-Kv]®Z[F], 

where F denotes the class of a fiber. Notice that V/F^ has a distin- 
guished section Sb that intersects each fiber at the base point of the 
anticanonical linear system. We can also define it as 

Sb = Bas I — Ky + IF\ 

for all I S> 0. Then, p^{—2Ky + mF) is a vector bundle of rank 4 over 
P^. We can choose m such that 

S = p.{-2Kv + niF) ^O® 0{ni) © 0(^2) © 0{n^) 

for some < rii < < ^3. Denote 

h = ni + n2 + n^. 

Let X = Proj S be the corresponding P^-fibration over P^, tt : X — P^ 
the natural projection. Denote M the class of the tautological bundle 
on X (i.e., n^O{M) = £), L the class of a fiber of vr, to the class of a 
section that corresponds to the surjection S ^ O ^ 0, and / the class 
of a line in a fiber of vr. Note that to is nothing but a minimally twisted 
over the base effective irreducible section of vr. Also to can be obtained 
from the conditions M o to = 0, L o to = 1. So, we have described all 
generators of the groups of 1- and 3-dimensional cycles on X. 

Again, looking at proposition we see that there exist a threefold 
Q C X fibered into quadratic cones (without degenerations) with a 
section tb as the line of the cone vertices, a divisor R fibered into cubic 
surfaces and such that its restriction Rq = R\q does not intersect tb, 
and a finite morphism (p : V ^ Q oi degree 2 branched over Rq, such 
that the following diagram becomes commutative: 

V — ^ QgX 

Rq,2:1 

■k=-k\q 

pi pi 

In order to make precise the construction, suppose tb ^ to + el . Obvi- 
ously, e is some non-negative integer number. 

Lemma 3.2 (0, lemma 2.2). The only following cases are possible: 

1) £ = 0, i.e., tb = to, and then 2^2 = ni +11^, ni and n-^ are even, 
Q ~ 2M - 2n2L, and R ~ 3M; 
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2) £ = ni > 0, and then = 2n2, rii is even, n2 > 3ni, Q ~ 
2M - 2n2L, and R 3M - 3niL. 

This lemma shows that the numbers rii, n2, and ns completely define 
the construction oiV/F^ (but up to moduli, of course). Note that these 
numbers are not free from relations. 

By the way, we can always assume 6 > 0, i.e., > 0. Indeed, 
otherwise Q ~ 2M and e = 0, so 1/ is nothing but the direct product 
of and a del Pezzo surface, hence V is rational and, moreover, not a 
Mori fibration, because piV/F^) coincide with the Pickard number of 
the del Pezzo surface in this case and thus greater than 1. 

It only remains to consider some formulae and relations that allow 
to identify V/F^ more or less easy. First, let us note that a surface 
G ~ (M — n2L) o (M — naL) must lie in Q. This is a minimally twisted 
over the the base ruled surface on Q. Denote Gy = 'i^*{G) its pre-image 
on V . Geometrically, Gy is a minimally twisted fibration on curves of 
genus 1 on V. Then, to lies always on Q, the fibers of Q contain lines of 
the class I, so the classes Sq = |</?*(io) and / = ^^^^ defined. 

Note that / is the class of the anticanonical curves in the fibers of V, 
and So always has an effective representative in 1-cycles on V. By the 
way, it is easy to see that the Mori cone is generated by Sq and /: 

NE(\/)=M+[so]©M+[/]. 
It is not very difficult to compute the normal bundle of Si,: 
Ms,\v - 0{-\n^) ® 0{-\n;), if £ = 0, 
Ns,\v - 0{ni - ina) © Oin^), if £ = m > 0. 
So, in fact, we see that V/F^ is completely defined (again, up to moduli) 
by Msb\v- 

The following table contains the essential information about divisors 
and intersection indices on V: 



£ = 


£ = 7li > 


ni^-nz^ 2n2 


7l3 = 27l2, n2 > 37li 


Sb ~ So 


S6 ~ So + |/ 


Ar,,iv~0(-|ni)©0(-|n3) 


A4,,y ~ 0{ni - Im) © 0{ni) 


Kv = -Gv + (|ni - 2)F 


Kv = -Gv - (|ni + 2)F 


Kl^So + {4-n2)f 


K^^So+{4+ §711 - 7l2)/ 


SqoGv ^ -1^3 


SqoGv ^ -|n3 


{-Kvf = 6-2712 


{-Kvf = 6 + 2711 - 2712 



Remark 3.3. The arguments still work if we assume V to be only 
Gorenstein, not necessary non-singular. The only point is that we must 
require all fibers to be reduced. Indeed, all we need is the statement of 
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proposition p7\\ It easy to see that in the Gorenstein case all fibers of 
V/¥^ are irreducible (and reduced by the requirement), so we are still 
under the conditions even if V is singular. In particular, we have the 
same projective models as above, the same formulae, and so on. 

3.3. Models of fibrations on del Pezzo surfaces of degree 2. Let 

p : V ^ he a non-singular fibration on del Pezzo surfaces of degree 
2. As in the case = 1, consider the direct image of the anticanonical 
algebra 

This is a sheaf of graded algebras over Cpi, and V = Proj^i^y 
As before, we see that there exist a polynomial algebra 0^i[x,y, z,w] 
graded with the weights (1, 1, 1,2), and a sheaf of principal ideals Xy 
in it such that 

V = Proj pi = Proj piOpi[a;,i/,z,w]/Xv cPpi(l,l,l,2). 

Clearly, Xy is generated by a (weighted) homogeneous element of de- 
gree 4, and V C Ppi (1, 1,1,2) avoids a section along which Ppi (1,1,1,2) 
is singular. 

The second model is obtained by taking a double cover. We suppose 
Pic{V) = Z[-Kv] © Z[F]. Consider 

£ = p,Ovi-Kv + mF), 

this is a vector bundle of rank 3 over P^. We may choose m such that 

£:~0©0(ni)©0(n2), 

where < ni < n2. Denote b = ni + n2. 

We have the natural projection n : X = Proj pi £^ P^. Let 
M denote the class of the tautological bundle, 7r*0(M) = £, L the 
class of a fiber of vr, / the class of a line in a fiber, and to the section 
corresponding to the surjection £^0^0,tooM = 0. The following 
diagram is commutative: 

V X 

R,2:l 



pi pi 

Here is a finite morphism of degree 2 branched over a divisor R d X. 
R is fibered into quartic curves over P^, and we may suppose 

i? ~ 4M + 2aL. 

The set (ni, n2, a) defines V/¥^ up to moduli: different sets corresponds 
to different varieties. While rii and n2 can be arbitrary chosen, a should 
meet some lower estimation: a can not be much less than rii, otherwise 
R does not exist. 
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Let us denote H = ip*{M), sq = ^ip*(to), f = clearly, F = 

(p*{L). As in the case d = 1, the divisor 

~ - nsF = i-Kv) + {a + ni- 2)F 

plays an important role in geometry of V. This is a minimally twisted 
fibration into curves of genus 1 in V. Then, it is clear that 

NE(\/)=M+[so]©M+[/], 

but now So may not correspond to an effective 1-cycle on V. The table 
below summarize the essential formulae on V (see 0, section 3.1): 



Kv = -H+{a^ 


f 6- 


2)F 


Kl = 2so + (8 - 


4a - 


2b) f 


(-i^v^f = 12- 


- 6a - 


-Ah 



Remark 3.4. We see again that all arguments and formulae work 
in the Gorenstein case if we keep the assumption of non-reducity for 
fibers, so we may omit the non-singularity assumption. The unique 
difference with the case c? = 1 is that Gorenstein singular V/¥^ may 
have reducible fibers. Such fibers arise from twice covering of a plane 
with a double conic as the ramification divisor, so the both described 
models are still suitable. 

4. FiBER-TO-FIBER TRANSFORMATIONS 

This section is devoted to describing some special transformations 
of del Pezzo fibrations. The birational classification problem formu- 
lated in the bottom of section [l|, is related to finding the set of all 
Mori structures. In other words, we study birational maps modulo 
birational transformations over the base. From the viewpoint of the 
Sarkisov program, we only need links of type I, III, and IV, i.e., only 
that do change the Mori structure. So links of type II, which does not 
change the structure of a fibration, are out of view at least for the first 
look. Nevertheless, it is the type of the Sarkisov links that is especially 
important in majority of questions related to the birational classifi- 
cation problem, even if we only interested in studying different Mori 
structures. The point is that proceeding with the maximal singularities 
method or, more general, the Sarkisov program and jumping from one 
Mori structure to another, we have to know when we should stop. So, 
what we really need is a criterion or at least strong enough sufficient 
conditions for a birational map to be over the base, i.e., fiber-to-fiber. 
These conditions are known (see [H, theorem 4.2(i)), but the really 
hard thing is to prove they are satisfied. Readers who handled any 
of various papers on the maximal singularities method, may remember 
words like "excluding infinitely near singularities", this is exactly about 
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the problem. Birational rigidity and birational automorphisms are im- 
portant particular questions that are directly related to fiber-to-fiber 
transformations. Thus, it is worth to know as much as possible about 
this type of transformations, and this section gives some information 
about that. 

Let V/C he a Mori fibration on del Pezzo surfaces of degree 1 or 
2 over a curve C, and x '■ ^ U a birational map onto another 
Mori fibration U/C that is birational over the base, i.e., we have the 
following commutative diagram: 

V --^ U 
i i 

c ^ c 

Taking the specialization at the generic point rj of C, we see that x 
induces a birational map 

Xri ■ U'q. 

As it follows from [1^, theorem 2.6, x-n is an isomorphism \fd = Ky^ = 
1, or decomposed into the so-called Bertini involutions if d = 2. Let us 
consider the last case in detail. 

Bertini involutions can be constructed as follows. Let A e be 
a rational point, i.e., defined over the field of functions of C. There 
exists a morphism ip of degree 2 onto a plane (proposition ^T]) branched 



over a (non-singular) quartic curve. Clearly (f defines an involution 
T e Aut(y) of Vr, that transposes the sheets of the cover. Suppose (p{A) 
does not lie on the ramification divisor, then there exists a point A* G 
which is conjugated to A by means of r: t{A) = A*. Clearly, A ^ 
A*. Take a pencil of lines on the plane through (p{A). On it becomes 
a pencil of elliptic curves (with degenerations) with exactly two base 
points: A and A*. Let us blow up these points with exceptional divisors 
e and e* lying over A and A* respectively. We obtain an elliptic surface 
S with 2 distinguished sections e and e*. So, we have two (biregular) 
involutions fiA and fiA* on S defined by these sections. Indeed, the 
specialization of S at the generic point of e (or e*, which is the same) 
gives us an elliptic curve with 2 points O and O* that corresponds to e 
and e*. Each of this points can be viewed as the zero element from the 
viewpoint of the group law on elliptic curves, thus we get two reflection 
/^^ and /i^, defined as follows: for any point B 

B + fx'^,{B) r^20. 

(just in this order: /i^ is related to O*, /i^. to O). These reflections 
give the biregular involutions fiA and fiA* on S (note that S is rela- 
tively minimal, so any fiber- wise birational map is actually biregular). 
Finally, we blow down e and e*, and then fiA and fiA* become the de- 
sired Bertini involutions. Another way to describe fiA is the following. 
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Blow up A*, and you get a del Pezzo surface of degree 1. Its natural 
involution defined by the double cover of a cone (see proposition [3TT| ) 
becomes birational on V^, and this is just our jjA- 



Thus, referring to the case c? = 2, theorem 2.6 of ||T6| says: is 
biregularly isomorphic to t/^, so we can view Xri as a birational au- 
tomorphism of Vri, and then there exists a finite set of points / = 
{Ai, A2, . . . , An} on such that 

where ip e Aut{Vri). Now ip defines a fiber- wise birational transforma- 
tion of V/F^, hence applying it to the situation, we get the case similar 
to degree 1, i.e., when we have an isomorphism of the fibers over the 
generic point. 

Thus, whether d = 1 or d = 2, the picture can be reduced to the 
following case: we have the commutative diagram 

V --^ U 

(4.1) i i 

C ^ C 

where Xv isomorphism of K7 and f/,,: 

Now it is clear that if we throw out a finite number of points on C, 
say. Pi, P2, . . . , Pk, then x gives an isomorphism of V and U over C \ 
{Pi, P2, . . . , Pk}- In its turn, x can be decomposed as 

XI X2 X3 Xk-1 Xfc 

V Vi --^ V2 — -> ■■■ — -> \4_i — u 

c ^ c ^ c ^ ■■■ ^ c ^ c 

where Xi is an isomorphisms over C \ {Pi}. In order to distinguish 
such birational transformations from transformations like Bertini in- 
volution, we will call them fiber transformations. We may be natu- 
rally asked whether they are possible. In order to clarify the question, 
let us consider 2-dimensional situation. First, for any ruled surface, 
as an example of a fiber transformation we can take any elementary 
transformation of a fiber: blow up a point in a fiber and then contract 
the strict transform of the fiber, which is a (— l)-curve. Note that the 
exceptional divisor takes place of the original fiber. Obviously, such a 
transformation is not an isomorphism, though it gives an isomorphism 
of the fibers over the generic point of the base. On the other hand, 
consider any two relatively minimal elliptic surfaces that are birational 
over the base. It is very well known that such a birational map is actu- 
ally an isomorphism. This is true for any relatively minimal (i.e., there 
are no (— l)-curves in fibers) fibrations into curves of positive genus. 
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What about del Pezzo fibrations? On the one hand, they are fibered 
into rational surfaces, and we may expect they behave like ruled sur- 
faces. On the other hand, as it follows from results of the next two 
sections, their essential birational properties are far away from rational 
varieties, moreover, in many senses they behave like elliptic fibrations. 
In fact, the very situation is a bit more complicated. 

The rest of this section is contained in ||11|, section 4 (as to the case 
c? = 1), or ||12| (the case d = 2). Let us first consider the case d = 1. 

So, we have the commutative diagram ( |4.1| ), x is an isomorphism of 
the fibers over the generic points. The situation can be easy reduced 
to the following case. We assume C to be a germ of a curve with the 
central point O, V and U Gorenstein relatively projective varieties over 
C fibered into del Pezzo surfaces of degree 1, their central fibers (i.e., 
over the point O) Vq and Uq reduced. Algebraically, all that means the 
following. Let C be a DVR (discrete valuation ring) with the maximal 
ideal m = it)0, where t is a local parameter, V and U non-singular del 
Pezzo surfaces of degree 1 defined over O. If needed, we may take the 
completion of O. Then, let K be the field of quotients, C = Spec O, 
1] = Spec K the generic point of C. Using proposition ^Tj we may 
suppose that V and U are embedded into two copies P and R of the 
weighted projective space ^0(1, 1, 2, 3) respectively. Denote [x, y, z, w] 
and [p,q,r,s] the coordinates in P and R with the weights (1,1,2,3). 

By the condition, '■ V-q Urj is an isomorphism. The key point 
is that Xv induces an isomorphism between and Rrj. It follows 
easy from the Kodaira vanishing theorem and the exact sequence of 
restriction for ideals that define Vrj and f/^ as surfaces in and P,, 
respectively (see subsection 4.1, [pT| ). 

Then, we may choose the coordinates in P and R such that 



where /j and gi are homogeneous polynomials of degree i. Since Xv i^ 
an isomorphism of P^ and Rj,, it is easy seen that x and x~^ can be 
defined as follows: 



(4.2) 



V={w' + z^ + zU{x, y) + h{x, y) = 0} C P, 
[/ = {s^ + + r^4(p, q) + g^{p^ g) = 0} C P, 




where each of the sets (a, 6, c, d) and (a, /5, 7, 5) contains at least one 
zero. Then, all these numbers have to respect the graduation of P and 
P, and, moreover, we know that V and U avoid singular points of P 
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and R, so for some integer m > the following conditions are satisfied: 



a + a 


= m 


h + (3 


= m 


c + 7 


= 2m 


d + 5 


= 3m 


2d 


= 3c 


26 


= 37 



Using the symmetry of the situation, we may assume that c = 2k, 
d = 3k, •y = 21, 6 = 31 with the conditions k + I = m and k < I (i.e., 
k < \Tn). Now substituting these relations for the numbers in (|4.2| ), 
we obtain 

^ ' h{x,y)=t-^^g^{t-x,t'y). 

Suppose A; = 0. Since the set (a, 6, c, d) is not composed from zeros only 
(otherwise x is already an isomorphism), then one of the numbers a 
and h must be positive. Let it be a. Then (|4.3| ) shows that the equation 

w^ + z"^ + zfi{x, y) + U{x, y) = 

defines a singularity of V at the point {t,x,y,z) = (0, 1,0,0,0): take 
an affine piece x 7^ (i.e., divide the equation by x^) and check that 
the differentials vanish at the indicated point. 

Now let k > 0. Since the set (a, b, c, d) have to contain at least 
one zero, we may assume a = 0. Then a = m. Since / > A; > 0, 
a = m > 0, and the set (a,/3, 7,5) contains zero, we must suppose 
f3 = 0. So b = m - (3 = m. Thus 

f4{x,y)=t-^''g,{x,t^y), 
Mx,y)=r'''g,ix,t^y). 

It only remains to take into account that k < |m and fi G 0[x, y, z, w], 
and we see that the equation for V defines a singular point at 

{t,x,y,z,w) = (0,0,1,0,0). 

So we get the following assertion: V must be singular if x is not an 
isomorphism! 

As to the case d = 2 ([0), we can repeat the previous arguments 
with the only difference that P and R have the type ^©(1, 1, 1, 2), and 
V and U are defined by 

V = {w^ + Ux,y,z)=0}cP, 
U = {s^ + g4{p,q,r) = 0}CR. 

Then x ^ind x~^ have the form 

= To; 

. = t^y 

X \ ^ _ j^c^ ( ) X 
= f^w 
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with the relation 

m = a + a = h + 13 = c + = -{d + 5) 

for some m > 0. Again, {a,b,c,d) and 7,5) are not consisted of 

only zeros, so by the symmetry we may assume 7 = (thus c = m) 
and d > \m. Finally, the relation 

/4(a;, z) = t-''^g^{ex, t'y, rz) G 0[x, y, z] 
shows that the equation 

+ fi{x,y,z) = 

defines a singular point at 

{t,x,y,z,w) = (0,0,0,1,0), 

so V is always singular if x is not an isomorphism. 
These results can be summarized as follows: 

Theorem 4.1 (Uniqueness of a smooth model). Let V/C and U/C be 

non-singular Mori fibrations on del Pezzo surfaces of degree 1 or 2 that 
are birational over the base by means of x- 

V --^ U 
i i 

c ^ c 

Then V and U are always isomorphic, and x is an isomorphism if 
d = 1, or a composition of Bertini's involutions if d = 2. In other 
words, any fiber transformation is trivial in this case. 

Remark 4.2. The similar result was proved for d < 4 in ||2^ using 
Shokurov's complements and connectedness principle. The difference 
is that Park's result requires V and U to have non-degenerated central 
fibers. In our case, we assume nothing about them. 

So, the reader can see that though V/C is fibered into rational sur- 
faces, it behaves like elliptic fibrations in dimension 2: there are no 
non-trivial fiber transformations without loss of smoothness. Now it is 
time to give some examples. 

Example 4.3 ("smooth case"). In these examples U is non-singular. 

First let d = 1. Suppose {a,b,c,d) = (0,6,2,3) and (a,/?, 7,5) = 
(6, 0, 10, 15), V and U are defined by 

V : w"^ + z^ + x^y + t'^^xy^ = 0, U : + r^ + p^q + pq^ = 0. 

It is easy to check that U is non-singular, V has a singular point of 
type cEs (the so-called compound i?8-singularity) at (t, x, y, z, w) = 
(0, 0, 1, 0, 0). Note that the central fiber Vq has a unique singular point 
of type Es, Uq is non-singular. 
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The case d = 2: suppose {a,b,c,d) = (1,4,0,2), (a,/?, 7, 5) = 
(3, 0, 4, 6), V and U are given by 

V ■.w^ + yz^ + tx^ + t^^y^ = 0, U : + qr^ + tp'^ + = 0. 

Again, U is non-singular, V has cE's-singularity at (t, x, y, z, w) = 
(0,0,1,0,0). The central fiber Vq is a non-normal del Pezzo surface 
(the double cover of a cone branched over a triple plane section), Uo 
has an elliptic singularity. 

Example 4.4 ("birational automorphism"). The case d = 1: suppose 
(a, b, c, d) = (1, 0, 2, 3), (a, (3, 7, 6) = (0, 2, 2, 3), and 

V : w'^ + + t^x^y + xy^ = 0, U : s'^ + + p^q + t^pq^ = 0. 

V and U have cEg singularity in the central fibers. Note that V and 
U are biregularly isomorphic: put w = s, z = r, x = q, and y = p. So 
we can assume x to be defined as follows: 

X t^^y, y ^ tx, z z, w w. 

Thus, X gives an example of a fiber transformation that is a birational 
automorphism. 

The degree 2: assume (a, b, c, d) = (1, 2, 0, 2), {a, (3, 7, 6) = (1, 0, 2, 2), 

V and U are given by 

V : w"^ + t^y^z + yz^ + = 0, U : + q^r + t^qr^ + = 0. 

V and U have cD4-singularity. As before, they become isomorphic if 
you put p = X, q = y, r = z, s = w. So x is a fiber transformation 
that is a birational automorphism. 

5. Mori structures on del Pezzo fibrations: the case 

d = 1 

In this section we formulate known results on the rigidity of fibra- 
tions on del Pezzo surfaces of degree 1 and describe Mori structures 
for non-rigid cases. We use the projective model via twice covering 
described in subsection |3^ . 

Theorem 5.1 (|H, theorem 2.6). Let V/F^ be a non-singular Mori 
fibration on del Pezzo surfaces of degree 1. Then V/¥^ is hirationally 
rigid except for two cases: 

1) e = Q, ni = n2 = n^ = 2; 

2) e = Q,ni = 0, n2 = 1, ng = 2. 

In other words, conjecture \2.^ holds for d = 1. Moreover, if V/¥'^ is 
rigid, then this is a unique non-singular Mori fibration in its class of 
birational equivalency, as it follows from theorem 

Remark 5.2. It easy to check that linear systems \n{—Kv) — F\ are 
non-empty and free from base components exactly for the listed cases. 
Indeed, note that \n{—Kv) — F\ is non-empty and base components 
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free if and only if | — Ky — F\ has the same property (take the direct 
images of anticanonical hnear systems), and then use the projective 
model. The case when V"/P^ met the i^^-condition was first proved in 

So, the only two cases are non-rigid. Let us consider them in detail. 

5.1. The case (£:,ni, 712,713) = (0,2,2,2). First, let us note that the 
distinguished section Sh has the class sq, and this is a unique section 
with such a class of equivalency. Then, N's^\v ~ C'(— 1) ©0(— 1), so at 
least locally there exists a flop centered at Sb. In fact, this flop leaves 
us in the projective category: it is enough to check that the linear 
system n{—Kv) gives a birational morphism that contracts exactly Sb- 
Thus, lei ip : V --■> U be such a flop. Consider the linear system 
V = \ — Ky — F\ and its strict transform Vu = ip~^T> on U. It is easy 
to see that Bas V = Sb and a general member of V is nothing but a 
del Pezzo surface of degree 1 that is blown up at the base point of the 
anticanonical linear system. Moreover, dimP = 1, BasVu = 0, and 
Vu is a pencil of del Pezzo surfaces of degree 1. Thus, U is fibered over 

onto del Pezzo surfaces of degree 1, so 

1/. 

V --^ U 

i i 

pi pi 

is a link of type IV. It only remains to compute that the projective 
model of U/F^ (as a double cover) has the same structure constants 
{e, rii, n2, n^) as V/F^. We are ready to formulate the following result: 

Proposition 5.3 (|||], proposition 2.12). Let V/¥'^ be a non-singular 
Mori fibration on del Pezzo surfaces of degree 1 with the set of structure 
constants {e,ni,n2,ns) = (0,2,2,2). Then any other Mori fibration 
that is birational to V , is birational over the base either to V/¥^ itself, 
or to U/W-^. V/¥^ and U/¥^ are the only non-singular Mori fibrations 
in their class of birational equivalency. In general case, Bir{V) = 
Aut{V) ~ Z2 and generated by an automorphism corresponding to the 
double cover. 

Remark 5.4. It may happen that V and U are isomorphic to each 
other (note they have the same set of structure constants). In this case 
G Bir{V) and Bir{V) ~ Z2 © Z2. 

5.2. The case (e, rii, ^2, 71,3) = (0,0,1,2), or a double cone over 
the Veronese surface. Let T C be the Veronese surface (i.e., P^ 
embedded into P^ by means of the complete linear system of conies), 
Q C P^ a cone over T with the vertex P, and R C a cubic hyper- 
surface such that P ^ R and Rq = RH Q is non-singular. Then there 
exists a degree 2 finite morphism fi : U ^ Q branched over Rq. The 
variety U (the so-called double cone over the Veronese surface) is a 
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well-known Fano variety of index 2 with p{U) = 1 and {—Ky)^ = 8 
(see the classification of Fano 3-folds, e.g., [0). Then, U contains a 
two-dimensional family S of elliptic curves parametrized by T. These 
curves lie over the rulings of Q. S has one-dimensional sub- family of 
degenerations consisting of rational curves with either a node or a cusp. 

Let / G iS be non-singular, and ipi : Vi ^ U the blow-up of /. Then 
it is easy to see that V; is a non-singular Mori fibration on del Pezzo 
surfaces of degree 1 with (e, rii, n2, ria) = (0,0,1,2). Conversely, take 
a del Pezzo fibration V/F^ with this set of structure constants. The 
linear system | — Ky — 2F\ consists of one element Gy which is the 
direct product of and an elliptic curve (0, lemma 2.9). Then the 
linear system \3{—Kv) — 3F\ defines a birational morphism ip : V ^ U 
that contracts Gy along the rulings. 

But what if Z G 5 is singular? First, suppose I is a rational curve 
with an ordinary double point B. Let ipi : Ui —>■ U he the blow-up 
of B and Ei ~ the exceptional divisor. Note that (the strict 
transform of /) intersects Ei at two points, and denote ti the line on 
El that contains these points. Now, blow up 1^2 '■ U2 ^ Ui. It is 
easy to check that the strict transform tf of ti on U2 has the normal 
bundle isomorphic to 0{—l) © (9(— 1), and we may produce a flop 
■^3 : U2 Us centered at ti, without loss of projectivity. The strict 
transform Ef of Ei on f/3 becomes isomorphic to a non-singular quadric 
surface with the normal bundle (9(— 1), so Ef can be contracted to an 
ordinary double point: ?/'4 : f/a ^ f/4 = VJ. We have the birational 
map ipi = {ip4 0ipsoip2°'ipi)~^ '■ Vi --->• U, and the reader can easy check 
that is a Gorenstein Mori fibration (over P^) on del Pezzo surfaces of 
degree 1 with a unique ordinary double point, and it has the structure 
set (e, rii, ^2, ^3) = (0, 0, 1, 2) (note that the constructions in section ^ 
work in the Gorenstein well, see remark (3.31). 

The case when / has a cusp at a point B E U is similar to the 
previous but a bit more complicated. As before, let ipi '■ Ui ^ U he 
the blow-up of -B. We see that becomes non-singular and tangent to 
El at some point Bi E Ei. The tangent direction to h at Bi defines a 
line ti <Z El. Now take the blow-up ip2 '■ U2 Ui of the curve V- . The 
strict transform El of Ei becomes isomorphic to a quadratic cone that 
is blown up at a point outside of the vertex of the cone. Moreover, the 
strict transform tl is exactly a unique (— l)-curve on El and has the 
normal bundle 0{—l) ® (9(— 1). All that can be checked as follows: 
blow up the point Bi with an exceptional divisor E2, then blow up 
the strict transform of li. The strict transform of E2 is isomorphic to 
Fi-surface and can be contracted along its ruling. After that you get 
U2. So, now we produce a flop ip^ : U2 t/3 centered at l\. The 
strict transform Ef of El is isomorphic to a quadratic cone with the 
normal bundle C(— 1), hence it can be contracted ip/i : = Vi 

to a double point locally defined by the equation + y"^ + + w'^ = 0. 
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We see that is a Gorenstein Mori fibration over on del Pezzo 
surfaces of degree 1 with a unique singular point, and moreover, Vi has 
the same structure set (£,ni, 7^2,^3) = (0,0,1,2) as before. Note that 
fibers of VJ/P^ are arised from elements of the pencil \^{—Ky) — /| on 
U. 

About twenty years ago, S.Khashin (||19|) tried to show the non- 
rationality of U by proving the uniqueness of the structure of a Fano 
variety on it. Unfortunately, his arguments contain mistakes, and 
up to now we have no a reliable proof of the non-rationality of U. 
Nevertheless, the following conjecture seems to be true: 

Conjecture 5.5. U has exactly the following Mori structures: U it- 
self, andVi/F^ for alll E S (thus, "two-dimensional family" of different 
del Pezzo fibrations) . In particular, U is not rational (it has no conic 
bundles). 

Thus, it only remains to prove this conjecture, and the birational 
identification problem for non-singular Mori fibrations on del Pezzo 
surfaces of degree 1 will be completed. 

6. Mori structures on del Pezzo fibrations: the case 

d = 2 

We first formulate the result and then describe the non-rigid cases. 



The structure constants (0,77,1,712) are taken from subsection |3.3|. Re- 
call 6 = Til + 7l2. 

Theorem 6.1 (0, ^^). Let V/¥^ be a non-singular Mori fibration 
on del Pezzo surfaces of degree 2. Then h-\-2a > and ifb + 2a>2, 
V/F^ is birationally rigid. 

Suppose b + 2a = 2. Then the only following cases are possible: 

1) a = 0, ni = 0, 722 = 2; 

2) a = -2, ni = 2, n2 = 4; 

3) a = —3, Til = 2, n2 = 6; 

4) a = 1, ni = 0, 7i2 = 0; 

5) a = 0, Til = 1; ^2 = 1; 

6) a = —1, Til = 2, n2 = 2. 

General varieties in the cases l)-3) are rigid. The cases 4)-6) are all 
non-rigid. 

Suppose b + 2a = 1, then the only following cases are possible: 

7) a = 0, rii = 0, 722 = 1; 

8) a = —1, 72i = 1, 77-2 = 2. 

Both of them are non-rigid. 

So, under the assumption of generality for the cases l)-3), conjec- 
ture |17^ holds for d = 2, and if V/F^ is rigid, then this is a unique 
non-singular Mori fibration in its class of birational equivalency (the- 
orem \4.1\)- 
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Remark 6.2. The ii'^-condition corresponds to the case 6 + 2a > 4, 
and the result was first obtained by A.Pukhhkov (||2^). The reader has 
not to be confused with the generahty assumptions in the cases l)-3) 
(see 10]), they arised from some technical troubles of the maximal 
singularities method. The author believes they can be omitted finally. 

6.1. The case (a,ni,ra2) = (1,0,0). In this case X ~ x P^, so V 
is nothing but a double cover of P^ x P^ branched over a divisor R 
of bi-degree (2,4). Thus, is a del Pezzo fibration with respect to 
the projection onto P^. On the other hand, the projection onto P^ 
represents as a conic bundle. Indeed, a fiber of ^ P^ is a double 
cover of a line branched over 2 points, hence either a conic, or a couple 
of lines, or a double line. It is easy to see that the discriminant curve 
of V — s> P^ has the degree 8. So, V has at least two different Mori 
structures. Note that P^ ^ V — > P^ is a trivial example of type IV 
links. 

6.2. The case (a, ni,n2) = (0,1,1), or a double quadratic cone. 

In this case the linear system | — 2Kv\ gives a small contraction onto 
the canonical model of V , which can be realized as double covering of 
a non-degenerated quadratic cone Q C P"^ branched along a quartic 
section Rq. It easy to see that V has at most two curves of the class 
So- If a curve of the class Sq is unique on V (this means that Rq 
contains the vertex of Q), then sq is the so-called -2-curve of the width 
2 (in the notions of [|^]). Otherwise (if Rq does not pass through the 
vertex of Q), there are two curves of the class sq, which are disjoint and 
have the normal bundles C(— 1) © C(— 1). In both the cases we obtain 
another structure of a non-singular Mori fibration on del Pezzo surfaces 
of degree 2 after making a flop centered at these curves. Moreover, the 
second structure has the same set (0,71,1,^2). Note that both the Mori 
structures arise from two families (actually, two pencils) of planes on 
Q. 

If Rq does not pass through the vertex of the cone, it was proved 
that a general variety of this type has exactly two Mori structures just 
described ([0). Actually, it should be true always, not only for general 
cases, and even if Rq did pass through the vertex of the cone, but the 
proof of this fact is still waiting for its time. 

6.3. The case (a, ni,n2) = (—1,2,3). First, let us note that V has a 
unique curve of the class Sq (say, C), and it can be contracted (small 
contraction) by the linear system \nH\ for n > 2. The normal bundle of 
this curve is isomorphic to 0{—l) ©C(— 2), hence there exists an anti- 
flip ip : V U centered at C (this is the simplest example of anti-flip, 
the so-called Francia's anti-flip: blow up C, make a flop centered at the 
minimal section of the corresponding ruled surface, and then contract 
the strict transform of the exceptional divisor, which is P^ with the 
normal bundle 0{—2)). U has a unique (non-Gorenstein) singular point 
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of index 2 (the latter means that 2Ku is a Cartier divisor). Moreover, 
U turns out to be a Mori fibration over on del Pezzo surfaces of 
degree 1. It is not very difficult to check that general elements of the 
pencil I — Ky — F\ are del Pezzo surfaces of degree 1 that are blown up 
at the base point of the anticanonical linear system, and C is exactly 
their common (— l)-curve. Thus, ^ make them to be the fibers of ?7/P^. 
Conjecturally, V/P^ and U /P^ are the only Mori structures in this case. 



6.4. The case (a, ni,n2) = (0,0, 1), or a double space of index 2. 
This case is similar to a double cone over the Veronese surface. Let 
C/ be a double cover of P^ branched over a smooth quartic. This is a 
well known Fano variety of index 2, the so-called double space of index 
2. Denote Hu the generator of the Pickard group, Pic(?7) = T^Hu]. 
Clearly, Ku ~ —2Hu. Let / C t/ be a curve of genus 1 and degree 2 
(i.e., if o Z = 2), so / is a double cover of a line in P^ branched at four 
points. Then / is either a (non-singular) elliptic curve, or a rational 
curve with a double point (node or cusp), or a couple of lines with two 
points of intersection (probably, coincident). 

Suppose / is non-singular, and ipi : Vi ^ U \s the blow-up oil. Then 
V; is a non-singular Mori fibration on del Pezzo surfaces of degree 2. 
The fibers of V//P^ arise from a pencil of planes in P^ that contain 
the image of /. It is not very difficult to compute that V^/P^ has the 
structure set (a, ni,n2) = (0,0, 1). Conversely, given V^/P^ with such a 
structure set, we can contract a unique divisor in | — Ky — 2F|, which 
is isomorphic to the direct product of an elliptic curve and a line, and 
get a double space of index 2. 

If / is singular but irreducible, i.e., a rational curve with a node or 
a cusp, we can also obtain a Gorenstein Mori fibration on del Pezzo 
surfaces of degree 2, but now with a singular point of type respectively 

+ y"^ + + w"^ = or x"^ + y"^ + z'^ + = 0, "blowing up" the curve / 
just in the way as we obtain fibered structures from a double cone over 
the Veronese surface (see the previous section). Vi/F^ has the same set 
of structure constants: (a, ni, n2) = (0, 0, 1). 

However, U has another type of Mori fibration. Suppose / is a couple 
of lines (say, / = Zi U I2) intersected by two different points. Blow up 
one of this line and make a flop centered at the strict transform of 
the second line, and you obtain a structure of a (non-singular) Mori 
fibration on cubic surfaces V;^/P^. As before, its fibers arise from a 
pencil of planes that contain the image of any of these lines in P^. 
The same construction works if / consists of two lines that are tangent 
to each other. Note that we can change the order of the lines (first 
blowing up I2) and get Vi^/F^. The point is that Vz^/P^ is (biregularly) 
isomorphic to V/j/P^ over the base, and this order change corresponds 
to a birational automorphism (the so-called Geiser involution, see p!6| ). 
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So we may denote these fibration on cubic surfaces VJ/P^ without any 
confusion. 

Following to [pOU , we can formulate the following conjecture: 



Conjecture 6.3. Let U be a double space of index 2. Then U has the 
following Mori structures: U itself, and V;/P^ for all curves I of degree 
2 and genus 1. 

In this subsection it only remains to note that U is known to be 
non-rational, as it follows from [531. 



6.5. The case (a,ni,n2) = (—1,1,2), or a singular double cone 
over the Veronese surface. As to this case, note first that the linear 
system \H — 2F\ has a unique representative, which we denote Gy- 
Then, there is a unique curve of the class sq on V , and this curve has 
the normal bundle 0{—l) © 0{—l). So we produce a flop (actually, in 
the projective category) ipi : V . The strict transform Gy oiGy 

on is isomorphic to either x P^ or a quadratic cone, and has the 
normal bundle 0{—\) in both the cases. So there exist a contraction 
'02 : U, which gives us a Fano variety with a double point of 

type + y"^ + z"^ + w'^ = 01 + y"^ + z"^ + = respectively. It is 
easy to check that this U can be obtained as a double cover of the cone 
over the Veronese surface branched over a cubic section that does not 
pass through the vertex of the cone and has a unique du Val point of 
type Ai or A2. Conversely, given U with such a kind of singularity, we 
can always obtain a structure of del Pezzo fibration as indicated. Now 
it is clear that U can be transformed to a (singular Gorenstein) Mori 
fibration on del Pezzo surfaces of degree 1 as in the previous section. 
Conjecturally, these are all Mori structures on U (i.e., one structure 
of Fano variety, one structure of fibration on del Pezzo surfaces of 
degree 2, and "2-dimensional family" of structures of fibrations on del 
Pezzo surfaces of degree 1), and hence V is a unique non-singular Mori 
fibration in its class of birational equivalency. 
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